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A model-independent expression for the Dalitz plot of semileptonic decays of neutral kaons, K0l3, including
radiative corrections to order (α/pi)(q/M1), where q is the momentum transfer and M1 is the mass of the
kaon, is presented. The model dependence of radiative corrections is kept in a general form within this
approximation, which is suitable for model-independent experimental analyses. Expressions for bremsstrahlung
radiative corrections are presented in two forms: one with the triple integral over the kinematical variables of
the photon ready to be performed numerically and the other one in a fully analytical form. The final result is
restricted to the so-called three-body region of the Dalitz plot and it is not compromised to fixing the values of
the form factors at predetermined values.
PACS numbers: 14.40.Df, 13.20.Eb, 13.40.Ks
I. INTRODUCTION
Nowadays it is well established in the standard model that the transitions between weak charged currents mix quarks of
different generations, which is encoded in the Cabibbo-Kobayashi-Maskawa (CKM) matrix. Over the years, a substantial amount
of effort of both the experimental and theoretical bent has gone into the determination of the elements of this matrix. The most
precise constraints on the size of these matrix elements are extracted from the low-energy s → u and d → u semileptonic
transitions; therefore, Vus and Vud possess particular interest because unitarity can be better tested in the first row of the CKM
matrix so that the validity of the relation
|Vud|2 + |Vus|2 + |Vub|2 = 1 (1)
can be probed at the 0.1% level [1].
The most precise determination of |Vud| comes from the analysis of superallowed 0+ → 0+ nuclear beta decays, whereas
|Vus| can be better determined from the semileptonic decays of K mesons (Kl3 decays) and (to a minor extent) hyperons and
also from τ decays.
The decay rates of all Kl3 modes (K = K±,K0, l = e, µ) can be expressed as [1]
Γ(Kl3[γ]) =
G2FSewM
5
1
128π3
C2KI
Kl(λi)|VusfK
0π−
+ (0)|2
[
1 + 2∆KSU(2) + 2∆
Kl
EM
]
, (2)
where GF is the Fermi constant, CK is a Clebsh-Gordan coefficient that is equal to 1 and 1/
√
2 for K0l3 and K
±
l3 decays,
respectively, and M1 is the mass of the decaying kaon; for ease of notation, G = CKVusGF hereafter. Additionally, Sew
comprises the short distance electroweak correction to semileptonic charged-current processes, and IKl(λi) is a phase-space
integral that depends on the slope and curvature of the form factor fK0π−+ (0), which as indicated in Eq. (2) is customarily
used to normalize the form factors of all channels. Actually, for the experimental extraction of |Vusf+(0)| the neutral decay
K0L → πeν is preferred in order to avoid isospin-symmetry breaking corrections that appear in K±l3 decays and the complications
introduced by an additional scalar form factor in Kµ3 decays. Finally, the terms ∆KSU(2) and ∆KlEM, which are channel dependent,
represent the isospin-breaking and long distance electromagnetic corrections, respectively. A determination of |Vus| at the 1%
level requires the inclusion of both corrections.
The main aim of the this paper is precisely the computation of the radiative corrections (RC) to differential decay rate —or
equivalently, the Dalitz plot (DP)—ofK0l3 decays, following the approach implemented in the analogous analysis for the charged
counterpart, K±l3 decays, presented in previous works [2, 3]. The approach leads to an analytical expression that comprises
contributions of both virtual and real photons, restricted to the three-body part of the allowed kinematical region, hereafter
referred to as the three-body region (TBR).
2There are various works addressing the radiative corrections to Kl3 decays, each one from a different perspective. An
important selection of such analyses are those by Ginsberg [4–7], Becherrawy [8], Garcı´a and Maya [9], Cirigliano et. al.
[10, 11], Bytev et al. [12], and Andre [13]. Ginsberg calculated the radiative corrections to the lepton spectrum, DP, and decay
rates of Kl3 decays, by assuming a phenomenological weak K-π vertex. Becherrawy used a particular model of the strong
interactions. Garcı´a and Maya extended to Ml3 Sirlin’s approach [14], originally introduced to study the radiative corrections to
the charged lepton spectrum in neutron beta decay. Cirigliano et al. implemented chiral perturbation theory and accounted for
virtual photons and leptons. Bytev et al. removed the ultraviolet cutoff dependence by setting it equal to the W mass. Andre
included contributions from outside the kinematically allowed TBR of the DP in K0l3 decays.
It is quite hard a priori to assess the success of the different approaches in the calculation of RC to Kl3 decays. This paper
was written in response to the need of having a reliable expression that is free from an infrared divergence, that does not contain
an untraviolet cutoff, and above all, that is not compromised by any model dependence of RC. The above criteria are met by the
final expression presented here so its applicability to model-independent Monte Carlo analyses is immediate.
The ordering of the paper is as follows. Section II is mostly devoted to introduce the notation and conventions used through
the basics on kaon semileptonic decays. The calculation of virtual RC to order (α/π)(q/M1) is also presented. Section III is
intended to provide results of the bremsstrahlung RC in the triple numerical integration form and combine them with the virtual
RC part to obtain the first main result. In addition, the corresponding fully analytical expressions are also given, which yield
to the second main result. The last section, IV, is dedicated to a summary and to concluding remarks. For completeness, a
comparison with other results available in the literature is also performed. The comparison is satisfactory.
II. VIRTUAL RADIATIVE CORRECTIONS
In this section the notation and conventions are first introduced and afterwards the virtual radiative corrections are calculated.e
The four-momenta and masses of the particles involved in the semileptonic decay of a neutral kaon
K0(p1)→ π−(p2) + ℓ+(l) + νℓ(p0ν), (3)
will be denoted by p1 = (E1,p1), p2 = (E2,p2), l = (E, l), and pν = (E0ν ,p0ν), and by M1, M2, m, and mν , respectively. No
assumptions will be made about the size of m compared to M1 so the final expressions obtained will be valid for both K0e3 and
K0µ3 decays alike. When the calculation is specialized to the center-of-mass frame of the decaying kaon, p2, l, and pν will also
denote the magnitudes of the corresponding three-momenta. Also, the direction of a generic three-vector p will be denoted by a
unit vector pˆ.
The uncorrected transition amplitude M0 (i.e., the amplitude without RC) for process (3) can be readily obtained by keeping
only the contribution of the vector current and neglecting scalar and tensor contributions. M0 can thus be written as [2]
M0 =
G√
2
Wµ(p1, p2) [uν(pν)Oµvℓ(l)] , (4)
where vℓ and uν are the Dirac spinors of the corresponding particles, Oµ ≡ γµ(1 + γ5), and the metric and γ-matrix convention
adopted here is the standard one (see, for instance, Ref. [15]), except that γ5 has the opposite sign. The hadronic matrix element
Wµ(p1, p2) is given by
Wµ(p1, p2) = 〈π−(p2)|u¯γµs|K0(p1)〉
= f+(q
2)(p1 + p2)µ + f−(q
2)(p1 − p2)µ, (5)
where q = p1 − p2 is the four-momentum transfer and f±(q2) are dimensionless form factors.
Armed with the transition amplitude M0, the differential decay rate in the variables E and E2 (Dalitz plot) can be obtained
straightforwardly. It can be expressed as
dΓ0(Kl3) = A0dΩ, (6)
where
A0 = A
(0)
1 |f+(q2)|2 +A(0)2 Re[f+(q2)f−(q2)] +A(0)3 |f−(q2)|2. (7)
The functions A(0)i are given in Eqs. (17)–(19) of Ref. [2] and the factor dΩ reads
dΩ = C2KG
2
F
|Vus|2
32π3
M31dEdE2. (8)
3The method to calculate the virtual RC to the DP of K±l3 decays has been discussed in detail in Ref. [2]. It can be readily
adapted to the present case, so only a few salient facts will be repeated now.
To first order in α, the Feynman diagrams which yield the virtual RC in K0l3 decays are similar to the ones depicted in Fig. 2
of Ref. [2]. Basically they comprise graphs in which the virtual proton is emitted from the hadronic line or the intermediate
vector boson and is absorbed by the charged lepton. The contribution reads,
MV1 =
G√
2
α
4π3i
∫
d4k
[
Dµα(k)
k2 − 2l · k + iǫ
] [
Wλ(p1, p2)(2p2 + k)µ
k2 + 2p2 · k + iǫ + Tµλ(p1, p2, k)
]
uνOλ(2lα− 6 kγα)vl, (9)
where k is the virtual-photon four-momentum and Dµα(k) is the photon propagator. The first summand in the above equation is
independent of the details of the strong interaction; it is free of the ultraviolet divergence, but contains the infrared divergence.
On the contrary, all the model dependence due to the effects of the strong interactions is contained in Tµλ. For the purposes of
this paper, no further details are needed here. The complete material nevertheless can be found in the original paper [14], which
was further adapted to Ref. [2].
Next, the lepton wave function renormalization graph yields
MV2 =
G√
2
α
8π3i
Wλ(p1, p2)
∫
d4kDαµ(k)uνOλ
6 l −m
2m2
(2lα + γα 6 k)6 l(2lµ+ 6 kγµ)
(k2 + 2l · k + iǫ)2 vl. (10)
Finally, the graphs in which the photon is emitted by a hadronic line or the intermediate vector boson and is absorbed by the
same hadronic line or another one or the intermediate boson yield the contribution
MV3 =
G√
2
α
8π3i
Wλ(p1, p2)uνOλvl
∫
d4kDµα(k)
(2p2 − k)µ(2p2 − k)α
(k2 − 2p2 · k + iǫ)2 +M
′
v3
= McV3 +M
′
V3
. (11)
Following Ref. [2], the virtual RC can be separated into a model-independent part MiV that is finite and calculable and into a
model-dependent one that contains the effects of the strong interactions and the intermediate vector boson. The latter is contained
in the term proportional to Tµλ of MV1 and in M′V3 of MV3 . To order (α/π)(q/M1), such a model dependence amounts to two
form factors a′′1 (q2, p+ · l) and a′′2(q2, p+ · l), with p+ = p1 + p2, which can be absorbed into f+ and f− of M0, respectively,
through the definition of effective form factors, hereafter referred to as f ′+ and f ′−.
After the k integration, the decay amplitude with virtual RC, MV , is given by
MV = M
′
0
[
1 +
α
2π
Φn
]
− α
2π
Mp2Φ
′
n, (12)
where the amplitudes M′0 and Mp2 read
M
′
0 =
G√
2
[
f ′+(q
2, p+ · l)(p1 + p2)α + f ′−(q2, p+ · l)(p1 − p2)α
]
u¯ν(pν)Oαvl(l), (13)
and
Mp2 =
1
m
G√
2
Wα(p1, p2)u¯ν(pν)Oα 6p2vl(l). (14)
The prime on M0 in Eq. (13) is used as a reminder that the effective form factors appear explicitly in this amplitude. The
model-independent functions Φn(E,E2) and Φ′n(E,E2) can be written as [16]
Φn(E,E2) = 2
[
1
β′
arctanhβ′ − 1
]
ln
λ
m
+
π2
β′
− 1
β′
(arctanhβ′)2 − 11
8
+
[
3
2
− m
2
(p2 + l)2
]
ln
M2
m
+
1
β′
[
L
(
δ
x+2
)
+ L
(
δ
1− x−2
)]
+
1
β′
ln
(
1− x+2
1− x−2
)[
ln
M2
m
− arctanhβ′ − 1
2
ln
(
1− x+2
1− x−2
)]
+
1
β′
arctanhβ′
[
M22 + p2 · l(1 + β′2)
(p2 + l)2
]
+
iπ
β′
[
ln
(p2 + l)
2
λ2
+ 2 ln δ − M
2
2 + p2 · l(1 + β′2)
(p2 + l)2
]
, (15)
and
Φ′n(E,E2) = −
m2
β′p2 · l(p2 + l)2
[
(M22 + p2 · l)arctanhβ′ + β′p2 · l ln
M2
m
− iπ(M22 + p2 · l)
]
, (16)
4where
β′ =
√
1− M
2
2m
2
(p2 · l)2 , (17)
x±2 =
m2 + p2 · l(1± β′)
(p2 + l)2
, (18)
and
δ = x+2 − x−2 . (19)
Here L(x) is the Spence function and λ is the infrared-divergent cutoff. In Eqs. (15)–(19) p2 and l are understood to be four-
vectors. The term π2/β′, usually referred to as the Coulomb term, is characteristic of the electric interaction between charged
particles of processes such as (3). It is an important contribution to the RC.
The differential decay rate with virtual RC can now be obtained by using standard techniques, namely, by squaring MV ,
summing over spins in the final state and introducing appropriate phase-space factors. To order (α/π)(q/M1) the resultant
expression is
dΓV = dΩ
[(
1 +
α
π
ReΦn
)
A′0 +
α
π
ReΦ′nA
′
V n
]
, (20)
where A′0 is the same expression given by Eq. (16) of Ref. [2] and A′V n reads
A′V n = A
(V )
1n |f+(q2, p+ · q)|2 +A(V )2n Re[f+(q2, p+ · q)f∗−(q2, p+ · q)] +A(V )3n |f−(q2, p+ · q)|2, (21)
where
A
(V )
1n =
4
M21
[
(M1E2 +M
2
2 )
E0ν
M1
− (M21 −M22 )
Em − E
2M1
]
, (22)
A
(V )
2n =
8
M21
[
E2E
0
ν − (M21 +M22 )
Em − E
2M1
]
, (23)
and
A
(V )
3n =
4
M21
[
(M1E2 −M22 )
E0ν
M1
− (M21 −M22 )
Em − E
2M1
]
, (24)
where Em is the maximum energy of the charged lepton given by
Em =
M21 −M22 +m2
2M1
. (25)
The effective form factors f±(q2, p+ · q) displayed explicitly in Eq. (21) contain energy-dependent contributions of the model
dependence in the virtual radiative corrections.
Once the virtual RC to the DP of process (3) have been calculated, the corresponding correction when a real photon is involved
can be analyzed. This is done in the next section.
III. BREMSSTRAHLUNG RADIATIVE CORRECTIONS
In addition to the virtual RC, the bremsstrahlung counterpart must be added to obtain the complete RC to the DP of process
(3). For this purpose, the four-body decay
K0(p1)→ π−(p2) + ℓ+(l) + νℓ(pν) + γ(k), (26)
must be considered, restricted to the TBR of the allowed kinematical region [2]. In Eq. (26), γ represents a photon with four-
momentum k = (ω,k). Energy and momentum conservation yield E1 = E2 + E + Eν + ω and p1 = p2 + l+ pν + k.
5The Low theorem [17, 18] will be used to obtain the bremsstrahlung amplitude MB with all the (α/π)(q/M1) contributions.
The theorem states that the radiative amplitudes of orders O(1/k) and O(k0) can be determined in terms of the nonradiative
amplitude without further structure dependence.
The Feynman diagrams that yield MB can be worked out in parallel with the ones depicted in Fig. 3 of Ref. [2]. Skipping
details, MB can be written as
MB = MB1 +MB2 +MB3 +MB4 , (27)
where the different contributions read
MB1 = −eM0
[
l · ǫ
l · k −
p2 · ǫ
p2 · k
]
, (28)
MB2 = −
eG√
2
Wλu¯νO
λ 6 k6 ǫ
2l · k vl, (29)
MB3 = −
eG√
2
(f+ − f−)
[
− p2 · ǫ
p2 · kkλ + ǫλ
]
Lλ, (30)
and
MB4 = −
eG√
2
[
∂
∂q2
(WλL
λ)
] [
2p2 · ǫp1 · k
p2 · k − 2p1 · ǫ
]
, (31)
where Lλ = u¯νOλvl. Observe that (27) is gauge invariant and model independent.
While the amplitude MB1 contains terms of order O(1/k), the other ones contain terms of order O(k0). Furthermore, the
contribution of MB4 will be neglected because it yields terms of order q2/M21 to the decay rate, which are not needed in the
present analysis. The infrared-divergent terms are thus all contained in MB1 , along with some finite contributions that must be
properly identified and extracted.
The differential decay rate with bremsstrahlung RC can now be constructed out of MB again by following a standard
procedure, namely, by squaring it, summing over the final spins and over the photon polarization.
Thus, after a few algebraic manipulations, one gets
∑
ǫ,s
|MB|2 = e
2G2
2
8M21
mmν
(b1 + b2 + b3), (32)
where b1 ∝ |MB1 |2, b2 ∝ |MB2 |2, and b3 contains the interference terms of the various MBi and also |MB3 |2. Specifically, the
former can be split into two terms, namely,
b1 = b
ir
1 + b
ic
1 , (33)
where bir1 contains the infrared divergence,
bir1 =
∑
ǫ
[
l · ǫ
l · k −
p2 · ǫ
p2 · k
]2
M21
8
A0, (34)
and the pending sum over the photon polarization in the above equation should be dealt with according to Coester’s rule [19] to
account for the longitudinal degree of polarization of the photon. At this point, notice that λ2 = ω2 − k2, where λ is a fictitious
mass given to the photon to regularize the infrared divergence. The additional term, bic1 , does not contain any infrared divergence
and is given by
bic1 = b11|f+(q2)|2 + b12Re[f+(q2)f∗−(q2)] + b13|f−(q2)|2, (35)
where
b11 = −
∑
ǫ
[
l · ǫ
l · k −
p2 · ǫ
p2 · k
]2
ω
[
2E −
[
D + E(1− β lˆ · kˆ)
] [
1− m
2
4M21
]
− m
2
M1
]
, (36)
6b12 = −
∑
ǫ
[
l · ǫ
l · k −
p2 · ǫ
p2 · k
]2
ωm2
M1
[
1− D + E(1− β lˆ · kˆ)
2M1
]
, (37)
and
b13 = −
∑
ǫ
[
l · ǫ
l · k −
p2 · ǫ
p2 · k
]2
ωm2
4M21
[
D + E(1− β lˆ · kˆ)
]
, (38)
where
D = E0ν + (p2 + l) · kˆ, (39)
and
β =
l
E
. (40)
In Eqs. (36)–(38) the ordinary sum over the photon polarization can be safely used.
Now the terms b2 and b3 are also infrared convergent. They read
b2 = b21|f+(q2)|2 + b22Re[f+(q2)f∗−(q2)] + b23|f−(q2)|2, (41)
with
b21 =
1
E(1 − β lˆ · kˆ)
[
2E0ν − 2ω −D +
m2
4M21
D
]
, (42)
b22 = − m
2
2M21
D
E(1 − β lˆ · kˆ)
, (43)
and
b23 = −1
2
b22. (44)
Similarly,
b3 = b31|f+(q2)|2 + b32Re[f+(q2)f∗−(q2)] + b33|f−(q2)|2, (45)
where
b31 = −
[
E
ω
1− β2
1− β lˆ · kˆ
− EE2 − p2 · l
E2ω − p2 · k
] [
2Eν
E(1− β lˆ · kˆ)
+
[
D
E(1− β lˆ · kˆ)
+ 1
][
−1 + m
2
4M21
]]
+
2Eν
ω
[
1
1− β lˆ · kˆ −
E2
E2 − p2 · kˆ
]
+
[
M1 − E2 + βp2 · lˆ
ω(1− β lˆ · kˆ) −
M1E2 −M22
E2ω − p2 · k
][
−1 + m
2
4M21
]
, (46)
b32 =
m2
2M21
[[
E
ω
1− β2
1− β lˆ · kˆ −
EE2 − p2 · l
E2ω − p2 · k
] [
D
E(1− β lˆ · kˆ) + 1
]
−
[
M1 − E2 + βp2 · lˆ
ω(1− β lˆ · kˆ) −
M1E2 −M22
E2ω − p2 · k
]]
, (47)
and
b33 = −1
2
b32. (48)
The differential decay rate with bremsstrahlung RC can be constructed out of Eq. (32) as
dΓB =
3∑
i=1
dΓBi , (49)
7where the different contributions dΓBi are proportional to the corresponding bi factors defined in Eqs. (33), (41), and (45). For
definiteness,
dΓB1 = dΓ
ir
B1
+ dΓicB1 , (50)
where the first summand in Eq. (50) is the one that contains the infrared divergence. The procedure to deal with this kind of
contribution has been described in detail in Ref. [2]. Without further ado, the resultant expression reads
dΓirB1 =
α
π
dΩA0I0n(E,E2), (51)
where A0 is defined in Eq. (7) and I0n, originally given in Ref. [7], was ultimately corrected in Ref. [11]. The latter result will
be borrowed here. Thus, the function I0n, adapted to the current notation, reads
I0n(E,E2) = 2 log
m
λ
[
1
β′
arctanhβ′ − 1
]
+
1
β′
arctanhβ′ log
∆
m2
− log M2
m
− (arctanhβ′)2
+ (arctanhβ + arctanhβ2)
2
+
1
β′
arctanhβ′ log
2β′χ(l · p2)2(1− τ20 )2
M21 (Em − E)(W2 − E2)
+ log
4M21 (Em − E)(W2 − E2)
η2m
+
1
2β′
[L(η1)− L(1/η1) + L(η2)− L(1/η2)]
+
2
β′
[
log τm log
1− τ0τm
1− τm/τ0 − L(τ0τm) + L(τm/τ0) + L(τ
2
0 ) +
π2
6
]
, (52)
where β′ is defined in Eq. (17), and
β2 =
p2
E2
, (53)
τ0 =
√
1− β′
1 + β′
, (54)
τm =
(E − l)(E2 − p2)
mM2
, (55)
χ =
∆2
2a
(Em − E)(W2 − E2)
a(Em − E)(W2 − E2)−m2(Em − E)2 −M22 (W2 − E2)2
, (56)
η1,2 =
1− 2χ±
√
β′2 + 4χ2 − 4χ
1 + β′
. (57)
The quantities W2, ηm, a, and ∆ read
W2 =
M21 +M
2
2 −m2
2M1
, (58)
a = 2p2 · l = 2(EE2 − p2ly0), (59)
∆ =
√
a2 − 4m2M22 = β′a, (60)
where
ηm = 2p2l(1 + y0), (61)
8with
y0 =
E0ν
2 − p22 − l2
2p2l
. (62)
On the other hand, the infrared-convergent piece, expressed as an integral over the kinematical variables, is
dΓicB1 =
α
π
dΩ[Λ1n|f+(q2)|2 + Λ2nRe [f+(2)f∗−(q2)] + Λ3n|f−(q2)|2], (63)
where
Λ1n,2n,3n =
p2l
4π
8
M21
∫ 1
−1
dx
∫ y0
−1
dy
∫ 2π
0
dφk
ω
D
[b11, b12, b13], (64)
and the integral form of the Λkn functions follows the choice of orientation of the coordinate axes, namely, ℓ+ is emitted along
the +z axis and π− is emitted in the first or fourth quadrant of the (x, z) plane [2]. Thus, x = kˆ · lˆ, y = pˆ2 · lˆ, and φk is the
azimuthal angle of the momentum of the photon.
Similarly, dΓB2 and dΓB3 , which are also infrared convergent, are given by
dΓB2 =
α
π
dΩ[Λ4n|f+(q2)|2 + Λ5nRe[f+(q2)f∗−(q2)] + Λ6n|f−(q2)|2], (65)
and
dΓB3 =
α
π
dΩ[Λ7n|f+(q2)|2 + Λ8nRe[f+(q2)f∗−(q2)] + Λ9n|f−(q2)|2], (66)
where
Λ4n,5n,6n =
p2l
4π
8
M21
∫ 1
−1
dx
∫ y0
−1
dy
∫ 2π
0
dφk
ω
D
[b21, b22, b23], (67)
and
Λ7n,8n,9n =
p2l
4π
8
M21
∫ 1
−1
dx
∫ y0
−1
dy
∫ 2π
0
dφk
ω
D
[b31, b32, b33]. (68)
Gathering together partial results, the differential decay rate dΓB can be expressed in a compact form as
dΓB =
α
π
dΩ[A0I0n +A
′
Bn], (69)
where
A′Bn = A
(B)
1n |f+(q2)|2 +A(B)2n Re[f+(q2)f∗−(q2)] +A(B)3n |f−(q2)|2, (70)
with
A
(B)
1n = Λ1n + Λ4n + Λ7n, (71a)
A
(B)
2n = Λ2n + Λ5n + Λ8n, (71b)
A
(B)
3n = Λ3n + Λ6n + Λ9n, (71c)
At this point the first final result has been reached. The DP of K0l3 decays with radiative corrections to order (α/π)(q/M1)
is obtained by adding Eqs. (20) and (69) to obtain dΓ(K0l3). The integrations over the three-momentum of the real photon
in Eqs. (64) and (67)–(68) can be performed numerically. It turns out that the remaining photon integrals can be performed
analytically. This will be done in the next section. This way a completely analytical result will be obtained. This will be the
second final result.
9A. Analytical integrations
The triple integrals indicated in Eqs. (64) and (67)–(68) can in principle be computed analytically to meet the same standards
as in Refs. [2, 3]. However, the presence of the factor 1/p2 · k in the sum over the photon polarization in all the infrared-
convergent pieces, or equivalently the factor p2 · k in the denominators of some functions bij , makes the calculation rather
involved. There is one approximation that could be used, namely,
1
p2 · k ≈
1
p1 · k +
q · k
(p1 · k)2 , (72)
provided the momentum transfer is small. However, for Kl3 decays it is not the case, so the approximation is useless in
the present analysis. There is however a symmetry property that can still be exploited: the transformation properties of the
integrands under rotations. Thus, the right orientation of the coordinate axes will simplify the task enormously. Skipping details,
the analytical form of the Λkn functions reads
M21
4p2l
Λ1n =
[
2E − m
2
M1
] [
(1 − β2)θ2 + M
2
2
E22
θ′2
]
−
[
2E
M1
− m
2
M21
] [
2E2θ3 + 2Eθ
′
3 −
2
E
ζ11 − 2
E2
ζ′11 + 4J1n
]
−
[
4M21
m2
− 1
]
M21
4p2l
Λ3n, (73)
M21
4p2l
Λ2n =
m2
M21
[
−1
2
η0 +M1(1− β2)θ2 + M1M
2
2
2E22
θ′2 −
[
E
2
(1− β2) + 2E2
]
θ3 −
[
E − M
2
2
2E2
]
θ′3 +
2
E
ζ11 +
ζ′11
E2
− 2J1n
]
,
(74)
M21
4p2l
Λ3n =
m2
4M21
[
2η0 + E(1− β2)θ3 + M
2
2
E22
(M1θ
′
2 − E2θ′3)− 2Eθ′3 +
2
E2
ζ′11 − 4J1n
]
, (75)
M21
4p2l
Λ4n =
[
−2E0ν −
[
1− m
2
4M21
]
βp2y0 − 3E + βl
]
θ3+(2E
0
ν +3E)θ4 +3lθ5+
E0ν
E
θ7− 1
2E
θ9+
[
1− m
2
4M21
]
ζ11
E
, (76)
M21
4p2l
Λ5n = − m
2
2M21
[
βp2y0θ3 − 1
E
ζ11
]
, (77)
Λ6n = −1
2
Λ5n, (78)
M21
4p2l
Λ7n =
M21
2p2l
[
M21
m2
− 1
4
]
Λ8n − 2(1− β2)
[
E0νθ2 − E(θ3 − θ2)−
θ6
2
]
+ 2E0ν(θ3 − θ′3)
− 2
[
E(θ4 − θ3)− E2(θ′4 − θ′3) +
θ7
2
− θ
′
7
2
]
+
2E0ν
M1
[
E2θ3 + Eθ
′
3 −
ζ11
E
− ζ
′
11
E2
+ 2J1n
]
− 2EE2
M1
[
θ4 − θ3 + θ′4 − θ′3 +
θ7
2E
+
θ′7
2E2
]
+
1
M1
[
ζ21
E
+
ζ′21
E2
]
− 2(EE2 − p2ly0)
M21
[
p2ly0θ3 − ζ11
E
− 2p2ly0θ
′
3 − ζ′11
E2
]
− 1
2M21
[
In
E
+
I ′n
E2
]
− 4mM2
p2l
(J2n + J3n), (79)
and
M21
4p2l
Λ8n =
m2
2M21
[
2η0 +
[
E(1 − β2) + E2 −M1
]
θ3 +
[
M1 − E − M
2
2
E2
]
θ′3 +
ζ′11
E2
− ζ11
E
− 2J1n
]
, (80)
Λ9n = −1
2
Λ8n. (81)
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The θm, η0, and ζij functions can be found in Ref. [20]. The θ′m and ζ′ij functions are obtained by making the replacements
p2 ↔ l in the corresponding θm and ζij functions. The additional functions involved in the above expressions are
J1n =
1
ββ2
[−(1 + ββ2) + (β + β2)(arctanhβ + arctanhβ2)− (1− ββ2y0)(−1 + β′arctanhβ′)] . (82)
In
4p22l
2
=
E0ν
p22
η0 +
βE0ν + l− p2
2βp22
θ0 − EE
0
ν
p22
(θ3 − θ4) + 1
2p22β
2
[
3E0ν
2 − l2 + 3E(E + 2E0ν)
]
(θ3 − θ4 − βθ5)
+
[
y20 −
E0ν
2
2p22
]
θ3 − 3E
2p22
(E0ν + E)θ10 −
3E
2p2l
(E + E0ν )(θ12 − θ13) +
y0
2
θ12 +
3E
2p2
Y1 +
1
2β2
Y3 − 2y0
p2l
ζ11,
(83)
8M21
mM2
J2n =
1 + β′
2
1− β′2 − 2arccosh
[
1√
1− β′2
][
arccosh
[
1√
1− β′2
]
+
2β′
1− β′2
]
− 2(1 + ββ2)
2
(1 − β2)(1 − β22)
+ 1
+ 2arccosh
[
1 + ββ2√
1− β2
√
1− β22
] [
arccosh
[
1 + ββ2√
1− β2
√
1− β22
]
+
2(β + β2)(1 + ββ2)
(1 − β2)(1 − β22)
]
, (84)
and
2M21
a
J3n =
p2l
mM2
η0 +
aβ′
2mM2
arccosh
[
a
2mM2
]
− EE2
mM2
(β + β2)arccosh
[
1 + ββ2√
1− β2
√
1− β22
]
, (85)
where the factors β, β′, β2, and a are defined in Eqs. (40), (17), (53), and (59), respectively.
IV. FINAL RESULTS AND DISCUSSIONS
The differential decay rate of K0l3 decays in the variables E and E2 (that is, the DP) including radiative corrections to order
(α/π)(q/M1), is given by
dΓ(K0l3) = dΓV + dΓB. (86)
dΓV is given by Eq. (20). For dΓB two forms are available. The first one contains the triple integration over the real photon
variables standing so it can be performed numerically. It is given by Eq. (69), which is expressed in terms of the functions Λkn
introduced in Eqs. (64) and (67)–(68). The infrared divergence and the finite terms that come along with it have been explicitly
and analytically extracted, however; the infrared divergence is of course canceled out in the sum in (86). The second form of
dΓB is completely analytical; the integration over the photon variables has been explicitly computed and the analytical versions
of the functions Λkn are thus given in Eqs. (73)–(81).
The main result obtained here can be cast into the compact form
dΓ(K0l3) =
G2F
32π3
|Vus|2M31
[
A′0 +
α
π
A′n
]
dEdE2. (87)
A′0 has been previously computed; it is given in Eq. (16) of Ref. [2]. On the other hand, A′n can be written as
A′n = A
′
0(ReΦn + I0n) +A
′
V nReΦ
′
n +ABn
= A10|f ′+(q2, p+ · l)|2 +A20Re[f ′+(q2, p+ · l)f ′−∗(q2, p+ · l)] +A30|f ′−(q2, p+ · l)|2, (88)
where Φ1n, Φ′n, and I0n have also been previously computed; the first two are given in Ref. [16] and the third one is given in
Ref. [11]. They are nevertheless listed in this paper in Eqs. (15)–(16) and (52), respectively, for the sake of completeness. The
new expressionABn is thus the main contribution. It is defined in Eq. (70) and is written in terms of the Λkn functions discussed
above.
Equation (87) has some advantages: it contains all the terms of the order of (α/π)(q/M1), does not have an infrared
divergence, does not contain an ultraviolet cutoff, and is not compromised by any model dependence of RC. Despite its length,
it is basically simple and organized in a way that is easy to handle. A common practice advocated in experimental setups is the
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TABLE I: Radiative correction (α/pi)A′n, Eq. (88), in the TBR of the process K0 → pi−+e++νe. The entries correspond to (α/pi)A10×10;
(α/pi)A20 and (α/pi)A30 are negligible for this mode. The energies E and E2 are given in GeV.
E2\E 0.0123 0.0370 0.0617 0.0864 0.1111 0.1358 0.1604 0.1851 0.2098
0.2592 0.1736 0.2138 0.1606 0.0675 −0.0401 −0.1425 −0.2200 −0.2491 −0.1896
0.2468 0.2289 0.2145 0.1422 0.0428 −0.0616 −0.1501 −0.1973 −0.1602
0.2345 0.1870 0.2152 0.1630 0.0745 −0.0255 −0.1149 −0.1673 −0.1383
0.2222 0.1946 0.1664 0.0911 −0.0019 −0.0889 −0.1428 −0.1178
0.2098 0.1495 0.1588 0.0993 0.0151 −0.0676 −0.1209 −0.0977
0.1975 0.1399 0.1011 0.0278 −0.0492 −0.1005 −0.0774
0.1851 0.0966 0.0368 −0.0330 −0.0811 −0.0563
0.1728 0.0834 0.0422 −0.0187 −0.0623 −0.0331
0.1604 0.0430 −0.0062 −0.0439 −0.0200
0.1481 0.0042 −0.0251
implementation of kinematical cuts to the observed electron and emitted kaon kinematical variables. As a result, only a region of
points and not the full DP is accessible in an experiment. However, on each one point of the DP the photon momentum integration
limits do depend on the values of (E, l) and (E2, p2) of that point. Thus, the common kinematical cuts are automatically taken
into account in the integration limits of the emitted photons at each point. Therefore, the main usefulness of the analytical result
lies in that it can be incorporated into a Monte Carlo simulation of an experimental analysis, with a considerable reduction of
the computational effort required by the triple integration pending in the first form of the result.
In order to ensure the reliability of the results presented here, they have been cross-checked by performing numerically
the triple integrals involved in Eqs. (64) and (67)–(68) and then comparing these results with their analytical counterparts in
Eqs. (73)–(81). The agreement found is very good. A further comparison, at least partially, can be performed with other
calculations already published. The closest results are those presented in Table II of Ref. [11], which corresponds to the RC
to the differential decay rate of the K0e3 mode. These results can be contrasted with the ones obtained here for the same mode
and listed in Table I. The agreement in practically the totality of the kinematical region is remarkable. For completeness, the
corresponding results for the K0µ3 mode are presented in Table II. As expected, in this case the contributions emerging from the
f+f− and f2− parts are non-negligible compared to the leading f2+ one.
To close this paper, it should be pointed out that the expressions obtained here are very useful for processes where the
momentum transfer is not small so that it cannot be neglected. Thus, they are suitable to any M0l3 decay, whether M be π0,
K0, D0, or even B0. An estimated upper bound to the theoretical uncertainty of 1.2% can be made [2] so this should be
acceptable with an experimental precision of 2%–3%. It should be emphasized, however, that the restriction imposed here
that bremsstrahlung photons be experimentally discriminated either by direct detection or indirectly by energy-momentum
conservation limits the scope of the results to the TBR of the DP. Further reduction of the theoretical uncertainty would require
the relaxation of this restriction, which falls into the realm of the so-called four-body region of the DP. This calculation, however,
requires a non-negligible extra effort that will be attempted in the near future.
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